Interfacial load transfer inside nanofiber-reinforced polymer nanocomposites plays a vital role in capitalizing on the extraordinary mechanical properties of the added nanofibers and in governing their bulk mechanical performance. In this paper, we investigate the load transfer characteristics of nanotube-polymer interfaces by using a micromechanics shear-lag model that takes into account the elastoplastic properties of polymer matrices. Closed-form analytical solutions of the interfacial shear stress distribution profile are derived. The failure of the nanotube-polymer interface and the pull-out force are analyzed using this model based on recently reported nanomechanical single-nanotube pull-out experiments that were conducted on carbon nanotube and boron nitride nanotube polymer interfaces. The theoretical predictions are in good agreement with experimental measurements. The findings from this work are useful to a better understanding of the interfacial load transfer characteristics of nanofiber-reinforced polymer nanocomposites and ultimately contribute to the optimal design and performance of lightweight and high-strength nanocomposite materials. The presented micromechanics model and the analytical solutions can be extended to study the interfacial stress transfer inside 1D nanofiber-reinforced metal and ceramic nanocomposites as well as of 2D material based composites and devices.
Introduction
Fiber-reinforced polymer nanocomposites are promising engineering materials for a number of industries (e.g., the aerospace and automotive industries) because of their light, strong and durable characteristics. Carbon nanotubes (CNTs) [1] and boron nitride nanotubes (BNNTs) [2, 3] are two types of one-dimensional (1D) tubular nanostructures with many exceptional structural and physical (mechanical, thermal, chemical and so on) properties and are widely considered to be ideal reinforcing additives for lightweight and high-strength polymer nanocomposites [4] [5] [6] [7] . The enhanced bulk properties of fiber-reinforced polymer nanocomposites critically rely on effective load transfer on fiber-polymer interfaces [8] [9] [10] , which is essential to capitalize on the extraordinary mechanical properties of the added nanofibers. However, despite many advances in the past two decades, the scientific understanding of the interfacial load transfer on nanotube-polymer interfaces remains as one of the most significant technical challenges in the full realization of the reinforcing potentials of the added nanotubes. Single-nanotube pull-out measurements are ideal small-scale experimental techniques to study the nanotube-polymer interface and have revealed quantitatively the interfacial load carrying capacity and the dependences of the interfacial strength on the embedded nanotube length and diameter as well as a matrix's material properties [7, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . These direct and quantitative measurements represent significant scientific advances as compared with the qualitative and indirect assessments from bulk measurements [22, 23] . However, the localized stress transfer properties of the nanotube-polymer interface, such as the distribution profile of the interfacial shear stress (IFSS) and the maximum interfacial shear strength, remain inaccessible to experiments and have to rely 1 3 on theoretical modeling and computational simulations for quantification [24] .
In single-nanotube pull-out measurements, a single nanotube that is partially embedded inside a matrix is stretched by an increasing tensile force that is applied to the free end of the nanotube and eventually pulled out of the matrix. During the pulling process, a non-uniform point-wise IFSS distribution along the entire nanotube-matrix interface occurs. The IFSS possesses its maximum value at the nanotube's entry position into the matrix and decays towards the nanotube's embedded end. Therefore, interface failure initiates at the nanotube entry position. Subsequently, the initiated crack propagates through the entire nanotube-matrix interface, resulting in a complete de-bonding between nanotube and matrix. The maximum IFSS upon interface failure is an intrinsic material property that indicates the bonding strength of the nanotube-matrix interaction and is substantially higher than the average IFSS, which is defined by assuming a uniform distribution of the shear stress along the entire nanotube-matrix interface. During the nanotube stretching process, the matrix material that is in direct contact with the nanotube surface may deform elastically or plastically. The IFSS distribution in fiber-reinforced composites has been investigated by using shear-lag models [25] [26] [27] [28] [29] . By assuming a linear elastic deformation in a matrix, the analytical solutions of the IFSS distribution reported by Jiang and Penn [30] have been widely employed in the interpretation of the single-nanofiber/nanotube pullout measurements and to the quantification of the maximum IFSS [7, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] 31] . The elastic matrix deformation assumption implies that the maximum IFSS should be lower than the matrix's yield shear stress. However, some of the reported values for the maximum IFSS of nanotube-polymer interfaces have substantially exceeded the yield shear stress of the employed polymer matrices. For example, the maximum IFSS of the interfaces formed by CNTs with poly(methyl methacrylate) (PMMA) is reported to reach about 155 MPa [19] , which is substantially higher than the reported yield shear stress of PMMA (about 22-65 MPa) in the literature [32] [33] [34] [35] [36] [37] [38] . Similarly, the maximum IFSS of the interfaces formed by BNNTs with epoxy is reported to be about 323 MPa [7] , which is more than one order of magnitude higher than the yield shear stress of the employed epoxy (about 20 MPa based on the manufacturer data [39] ). The much higher reported values of the maximum IFSS indicate that substantial plastic deformations may occur in the matrix, in particular in those regions adjacent to the nanotube surface and at or near the nanotube's entry position. The negligence of the yielding deformation of the matrix in the shear-lag model inevitably leads to an over-estimation of the maximum IFSS. This is because the matrix, under an elastical deformation assumption, would become much stiffer at relatively large strains (i.e., over the elastic strain limit) and thus store more strain energies in the region adjacent to the nanotube entry position. Therefore, it is essential to consider the matrix's yielding in the shear-lag model to ensure a more realistic and accurate interpretation of the single-nanotube pull-out measurements and for a better understanding of the load transfer characteristics of nanotube-polymer interfaces.
Here, we present a micromechanics model to describe the shear-lag effect on the load transfer characteristics of the nanotube-polymer interface by taking into account the elastoplastic (or strain hardening) behaviors of polymer matrices. We use this model to analyze the recently reported single-nanotube pull-out experiments that were conducted on the respective interfaces formed by CNTs and BNNTs with PMMA and epoxy [7, 19, 21] .
Results and Discussion
Formulation of the Strain-Hardening Shear-Lag Continuum Mechanics Model and Closed-Form Analytical Solutions Figure 1a , b illustrate the undeformed and deformed configurations of a single nanotube composite, respectively, which are schematically identical to the testing schemes employed in the nanomechanical single-nanotube pull-out measurements [7, 19, 21] . In the configurations, a straight nanotube of an outer diameter D nt is partially embedded in a matrix with an embedded length of l. For simplicity, the matrix volume that encloses the partially embedded nanotube is assumed to be a concentric cylinder with a diameter D m . A uniform and continuous interface is assumed between the embedded nanotube surface and the surrounding matrix. When an axial stretching force is applied to the protruding nanotube as illustrated in Fig. 1b , the entire nanotube is stretched along the force direction, which results in the deformation of the matrix adjacent to the interface area via the shear force on the nanotube-matrix interface. Here, the matrix deformation is assumed to occur only in the region in a close proximity to the nanotube surface, which is denoted here as an interfacial matrix layer. The interfacial matrix layer is a hollow cylinder with a thickness of t and is under pure shear deformations. The shear deformation of the interfacial matrix layer can be generally divided into two segments: the elastic region ( z 0 ≤ z < z Y ) and the plastic region (z Y ≤ z ≤ z l ) , where z is the coordinate axis along the nanotube's longitudinal direction, z 0 is the position of the nanotube's embedded end, z l is the nanotube entry position, and z Y indicates the onset location of matrix yielding. In this model, the nanotube is considered to be a purely elastic material, while the matrix is a bilinear elastoplastic material. The interfacial shear stress, i , is assumed to be in a 
The normal stress in the nanotube at z = z Y is given as,
The general solution of Eq. (4b) is given as
, and C 3 and C 4 are two constants to be determined from the boundary conditions. The boundary conditions for the plastic deformation region
and the known value of the normal stress z z Y that is given by Eq. (7). Applying the boundary conditions to Eq. (8), we get Substituting Eqs. (5), (6), (8), (9), and (10) into Eqs. (1) and (3) leads to the solutions of the normal stress in the nanotube and the IFSS on the nanotube-matrix interface, which are given as, Under relatively small stretching forces, the entire interfacial matrix layer may undergo purely elastic deformations. In this case, the solutions can be obtained by replacing u(z Y ) with u(z l ) in the elastic region solutions (Eqs. 11a and 12a) and are given as
In the case of short embedded nanotube lengths, the entire interfacial matrix layer may undergo plastic deformations upon the crack initiation at the nanotube entry position. For this scenario, Eq. (1) (16) is given as where C 5 and C 6 are two constants to be determined from the boundary conditions. The boundary conditions here are (17) and (18) into Eqs. (1) and (3) leads to the solutions of the normal stress in the nanotube and the interfacial shear stress, which are given as It is noted that Gao et al. [28] reported an analytical solution on the IFSS distribution in fiber-reinforced nanocomposites by using the same single-fiber composite configuration as illustrated in Fig. 1a . In their work, both fiber and matrix are assumed to be purely elastic. By using the
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notations in this work, the IFSS distribution reported in their work [28] is given as, where v m is the Poisson's ratio of matrix and α is a parameter given as When the interfacial matrix layer undergoes purely elastic deformation, the IFSS distribution given by Eq. (13) is considered to be identical to the solution given by Eq. (21) . By comparing these two equations, we can get
The thickness of the interfacial matrix layer t is given as
Equations (23) and (24) show that both K 1 and t depend only on the Young's moduli of nanotube and matrix as well as their diameters and are independent of the stretching force and the nanotube's embedded length. For the case that the diameter of the matrix is much larger than the diameter of the nanotube, i.e., D m ≫ D nt , t can be simplified as With the known value of K 1 , the complete IFSS and normal stress distribution profiles can be obtained from the closed-form analytical solutions derived above. In the following section, we employ the derived closed-form analytical solutions to quantify the interfacial load transfer characteristics on the nanotube-polymer interface based on our recently reported single-nanotube nanomechanical pull-out experiments [7, 19, 21] .
Quantification of the Interfacial Load Transfer on the Nanotube-Polymer Interface
Our recent nanomechanical single-nanotube pull-out experiments quantify the interfacial load transfer characteristics of the respective interfaces formed between individual CNTs or BNNTs and PMMA or epoxy polymers [7, 19, 21] . The
CNTs employed in the single-nanotube pull-out measurements, which were synthesized using chemical vapored deposition methods, are double-walled nanotubes with a polydispersed diameter within the range of 2.0-4.2 nm and a median diameter of 3.1 nm. The employed BNNTs were synthesized using high temperature pressured methods and were found to be mostly single-to quadruple-walled [41, 42] . Double-walled BNNTs reportedly have a dominant presence (> 57%) with diameters within the range of 1.9-3.9 nm and a median diameter of 2.9 nm [43] . The employed PMMA polymer has a molecular weight of 50,000. The epoxy polymer is Epon 828 difunctional bisphenol A/epichlorohydrin epoxy resin with curing agent EPIKURE 3200 aminoethylpiperazine (AEP). It is noted that the present theoretical prediction are conducted by using the same set of material and geometry parameters as employed in our prior work [7, 19, 21] , which are listed in Table 1 .
The Dependence of the Interfacial Shear Stress on the Stretching Force
Here we investigate the evolution of the IFSS on the nanotube-polymer interface under an increasing stretching force P using the closed-form solutions derived above. For illustration and discussion, we study the load transfer characteristics of a CNT-PMMA interface. CNT is considered as an elastic material with a Young's modulus E nt = 1.0TPa . PMMA is assumed as a bilinear strain-hardening material with a Young's modulus E m = 1.74GPa , a Poisson's ratio v m = 0.32 , a tangent modulus after yielding E m p = 105MPa , a yield stress of 81 MPa and a corresponding yield shear stress Y = 46.7MPa [33] , and calculated shear modulus G m = 0.66 GPa (before yielding) and G m p = 35 MPa (after yielding). The theoretical predications are calculated based on the following parameters: a matrix diameter D m = 1.6 µm, a CNT with a diameter of 3.1 nm and an embedded length l = 800 nm, and a pull-out force P out = 157.6 nN (an experimental value [19] (23) . The thickness of the interfacial matrix layer t is found to be about 8.50 nm. All of these employed and calculated parameters are listed in Table 1 . Figure 2a shows three selected and representative IFSS distribution profiles on the CNT-PMMA interface up to the pull-out event and Fig. 2b shows the dependence of the maximum IFSS on the stretching force. For P = 10.0 nN, the maximum IFSS, max , is found to be about 10.3 MPa, below the matrix's yield strength (46.7 MPa). The entire interfacial matrix layer undergoes purely elastic deformations. When the force increase to 45.5 nN, max reaches the matrix's yield shear strength, indicating the onset of yield deformations in the matrix at the nanotube's entry position. The matrix near the nanotube entry position begins to undergo plastic 1 3 deformations and the plastic deformation region expands under an increasing stretching force. When the stretching force reaches the pull-out value (P out = 157.6 nN), the plastic deformation region is found to have a length of about 223 nm, while the elastic deformation region has a length of about 577 nm. max is found to be about 59 MPa. In comparison, by assuming that the matrix is a purely elastic material, max is calculated to be about 162 MPa by using the shearlag model reported in Ref. [28] or about 163 MPa by using a similar shear-lag model reported in Ref. [30] . Therefore, the calculated maximum IFSS based on the strain-hardening model is substantially lower than the values predicted using the elastic models.
The Dependence of the Interfacial Shear Stress on the Embedded Nanotube Length
The embedded nanotube length is expected to have a substantial influence on the IFSS distribution profile. It has been demonstrated in prior single-nanotube pull-out experiments that the pull-out force initially increases with the embedded nanotube length and then reaches a plateau once the embedded nanotube length exceeds a critical threshold value. Here, we investigate the dependence of the IFSS distribution profile on the embedded nanotube length. The plots in Fig. 3 show the IFSS profiles of the CNT-PMMA interfaces with five selected embedded nanotube lengths at the moment of pull-out: (a) l= 200 nm and the corresponding applied pull-out force P out = 107.2 nN; (b) l= 400 nm and P out = 156.9 nN; (c) l= 600 nm and P out = 157.5 nN; (d) l = 800 nm and P out = 157.6 nN; (e) l = 1000 nm and P out = 157.6 nN. The employed pull-out force values for l ≥ 800 nm are set based on our prior pull-out measurements on the CNT-PMMA interface [19] , while the employed pullout force values for l ≤ 600 nm are theoretically predicted based on the same calculated maximum interfacial shear stress of the CNT-PMMA interface, which is found to be about 59 MPa. For l= 200 nm, the IFSS profile displays only one segment and its value is found to be within the range of 53-59 MPa and is higher than the matrix's yield shear stress. This result indicates that the entire interfacial matrix layer undergoes plastic deformations. For l = 400 nm, the IFSS profile displays two segments: an elastic zone (for z < 173 nm) and a plastic zone (for 173 nm ≤ z ≤ 400 nm). The IFSS at the nanotube's embedded end is found to be about 16 MPa. A similar IFSS distribution profile is exhibited for the case of l = 600 nm with a larger elastic zone (about 378 nm in length), a similar-size plastic zone (about 222 nm in length), and a lower IFSS at the nanotube's embedded end (about 2 MPa) as compared to the one for l = 400 nm. For l = 800 nm, its plastic zone is found to be identical to the one in the case of l = 600 nm. It is noticed that the IFSS approaches zero at the nanotube's embedded end. This observation indicates that the total load transferred via the nanotube-polymer interface, which is represented by the area under the IFSS curve, reaches its maximum value. This finding is further corroborated by the curve obtained for l= 1000 nm, which displays an identical plastic zone and an elastic zone with a similar trend as for l= 800 nm. The findings here indicate that the interfacial matrix layer upon Table 1 The summary of the parameters used to predict the interfacial load transfer on four types of nanotube-polymer interfaces and some of the calculated parameters using the present strain-hardening shear-lag model and the comparison with the values obtained using the elastic shear-lag model
The numbers in the brackets refer to the reference numbers Present strain-hardening shear-lag model 59 ± 2 106 ± 5 71 ± 2 133 ± 9 Elastic shear-lag model [28] 162 ± 14 287 ± 14 236 ± 11 361 ± 24
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the occurrence of pull-out event deforms either in a purely plastic or a mixed elastic-plastic manner, which depends on the embedded nanotube length. Our analysis further reveals that the embedded nanotube length at which the deformation mechanism transition occurs is found to be about 305 nm for the examined CNT-PMMA interface. Therefore, it is of importance to take into account the strain-hardening properties of the matrix in the theoretical analysis of the interfacial stress transfer characteristics of nanotube-polymer interfaces.
Comparison of the IFSS distribution profiles across different nanotube-polymer interfaces
Figure 4a-d show the calculated IFSS distribution profiles corresponding to the occurrence of pull-out (i.e., P = P out ) for four types of nanotube-polymer interfaces that were characterized by single-nanotube pull-out experiments [7, 19, 21] . The blue curves are calculated by using the strain-hardening shear-lag model as presented in this work, while the red curves are calculated by using the elastic shear-lag model that is given by Eq. (21) . All of the calculations are based on the same embedded nanotube length (800 nm) and the respectively measured average pull-out forces in the plateau region. All of the other employed parameters in the calculations and the calculated relevant parameters, including the calculated values of the maximum IFSS, are listed in Table 1 . As displayed in Fig. 4a-d , the strain-hardening model consistently predicts a much lower maximum IFSS, as compared with the elastic model. For example, for the BNNT-PMMA interface, the maximum IFSS is found to be about 71 MPa by using the strain-hardening model, which is less than one-third of the value predicted by using the elastic model (about 236 MPa). The results also show that the BNNT-epoxy interface that possesses a maximum IFSS of 133 MPa is the strongest among the four types of nanotube-polymer interfaces, while the CNT-PMMA interface is the weakest one with a maximum IFSS of about 59 MPa. It is noticed that both models predict the same ranking of the interfacial strength among these four types of nanotube-polymer interfaces.
The Dependence of the Pull-Out Force on the Embedded Nanotube Length Figure 5a -d show the theoretically predicted relationships between the pull-out force and the embedded nanotube length for the four types of nanotube-polymer interfaces by using the strain-hardening shear-lag model and their comparison with the respective measurement data [7, 19, 21] . It can be seen that the theoretical predictions are generally in good agreement with the experimental measurements. Relatively large discrepancies are exhibited for those pull-out data with short embedded nanotube lengths, for which the corresponding pull-out load is in an increasing trend. The observed discrepancies can be attributed to several sources. The first and probably the most significant one is that the diameters of the nanotubes employed in the experiments are polydispersed, while the theoretical calculations are based on the measured median nanotube diameter. Other factors include the measurement uncertainties of the pull-out force and the embedded nanotube length, which may become more significant for relatively short embedded nanotube lengths and relatively low pull-out forces. By considering the scattering of the measured pull-out force in the plateau region, the maximum IFSS is calculated by using the strainhardening and elastic shear-lag models and the results are listed in Table 1 . For example, the BNNT-PMMA interface is found to possess a maximum IFSS of 71 ± 2 MPa that is predicted using the strain-hardening model, as compared to 236 ± 11 MPa that is predicted using the elastic model.
The critical embedded nanotube length is an important parameter in the load transfer characteristic of the nanotube-polymer interface. However, the quantification of its value varies depending on the determination criterion of where the force plateau initiates in the pull-out force versus the embedded nanotube length curve. Here we quantify the critical embedded length by assuming that it corresponds to a pull-out force that is 1% below the average force in the plateau region. The critical embedded length for the CNT-PMMA interface is found to be about 366 nm, while about 482 nm for the CNT-epoxy interface, about 386 nm for the BNNT-PMMA interface, and about 483 nm for the BNNT-epoxy interface.
Conclusion
In this paper, we investigate the interfacial shear transfer characteristics of nanotube-reinforced polymer nanocomposites by using a strain-hardening shear-lag model. The proposed model and the derived closed-form analytical solutions are shown to be capable of predicting the IFSS distribution profile on the nanotube-polymer interface more realistically and accurately as compared to prior work by using elastic shear-lag models. The theoretical analysis captures the dependence of the pull-out force on the embedded nanotube length by identifying the mechanical deformations of the interfacial matrix layer, which is shown to be in good agreement with experimental measurements. The results contribute to a complete understanding of the interfacial load transfer in nanofiber-reinforced polymer nanocomposites and ultimately contribute to the optimal design and performance of lightweight and high-strength nanocomposite materials. The derived closed-form analytical solutions can be extended to the study of the interfacial load transfer in 1D nanofiber-reinforced metal and ceramic composites, such as our recent work on carbon nanotube metal interfaces [44, 45] and boron nitride ceramic interfaces [46] . By considering that nanotubes are the rollups of 2D materials, such as graphene and thin h-BN, the derived analytical solutions can be also adapted to the study of the interfacial load transfer in 2D material based composites and devices, such as our recent work on the thermal-induced mechanical deformation of ultrathin h-BN on silicon dioxide substrates [47] .
